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Qutline

¢ Entropy, Entropy transport
¢ Entropy production:‘“forces” & “fluxes”

* Species diffusive fluxes & the Generalized Maxwell-Stefan Equations
* Heat flux

e Thermodynamic nonidealities & the “Thermodynamic Factor”

¢ Example: the ultracentrifuge

¢ Fick’s law (the full version)

¢ Review
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A Perspective

¢ Reference velocities

* Allows us to separate a species
flux into convective and
diffusive components.

¢ Governing equations

 Describe conservation of mass,
momentum, energy at the
continuum scale.

¢ GMS equations

* Provide a general relationship
between species diffusion fluxes
and diffusion driving force(s).

e So far, we've assumed:
» Ildeal mixtures (inelastic collisions)

o ) » “small” pressure gradients
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¢ Goal: obtain a more general
form of the GMS equations
that represents more
physics
* Body forces acting differently

on different species (e.g.
electromagnetic fields)

e Nonideal mixtures

* Large pressure gradients
(centrifugal separations)
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Entropy

n
' ' ~ ~ Chemical ial
Entropy differential: T'ds = de + pd?} _ E [ dwi i = b / M, pere::':;:aml:::ts:entla
=1 € Internal energy
Total (substantial/material) derivative: — = 2 +v-V U Specific volume
Dt Ot
Ds De
Tp—- +
o = Po; pp Z i
p=1/v

Ds De pDp ", _ Du;
Tp= =p= — ==L =3 f,
Dt "Dt ,Di D i

e U
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Entropy lransport

Ds

Tps, = —Via—7:Vv—pV, v+Zf Jz+ppv v—Zuz —V - ji+ i),
= -V q—T VV—|-Zf Jz‘l‘z,uzv Jz ZNZJH
Z V(aB) =aVE+ fVa
Ds 1 —~ . 1 — i I I, . 1l
pD—t -V T(Q;Mih) +Q'V(T);Ji'V(T>TT.VVJrT;fz'JzT;MzUz
) Trans;grt of s " Produ;t?on of s ’
uﬁ'ﬁv!a’siw
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Ds 1 — 1 — fi; 1 1 1 .
P =V |7 (q— ZZlum) +q-V (T) —;Jz‘v <T> — T VV+T;E- I DI
Trans;(:rt of s Produc::;on of s
T Ds :
Now let’s write this in the form: 'OD_t = —V :js + 05
1 n
js = 7 (q — Z [L,,;j,,;> diffusive transport of entropy
1=1
1 - il 1 1 « 1 «
— : — | = 1. P — ] — 7 oY
s = q V<T> ZJZ V(T> TT.VerTZfZ Jim g 2o 97
=1 =1 =1 - g—
n ~ n ‘%' (@]
o . i 1 I 1 - o o
= —= VIHTZ‘]?;.[V<T>T7;]TT'VVT, [LiO; 2 9
1=1 =1
fhi Ol T) 1 Op, 1 _
V= = VI = — V —V i
(T) oT (T T Op P T Tph Note that we
1 1 Ou; haven’t “completed”
T (M a,u Vp + VT,p,ilz> : the chain rule here.
i We will apply it to
1 [V N species later...
= 7 (MVP‘F VT,p,L%')
(n ‘—/ ) n
Tos=—q-VInT - j;- [vT,pm + —Vp — fi] T VvV =Y [0
i=1 & — ) i=1
\_ A )
U Look at this term
UNIVERSITY

{IVERSL (entropy production due to species diffusion)
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Part of the Entropy Source Term...

What does this term represent!?

1 & Why can we add this “arbitrary” term?
;Vp + E s / ! '

1=1 ~— _, 1=1 k=1 )
A K
zn:Jz A; = y pwi(; — v) [VTpﬁz+ (]\Zz - 1) Vp—fﬂrzn:wkfk]) : :
1=1 1=1 ¢ p k=1 Ji = pPW; (ui — V)
( - ] \ Wi T4
= (u; = v) - [ eVrppi + (¢ —wi) Vp — pw; | £; — Zwkfk ; _
= \ = bs = iV
K - CR?;CLL _ ) IEL B ILL’L
mn i —
— CRTZ dz . (uz- — V), MZ
i=1 ‘7; Partial molar
n 1 volume.
= cRT d; - j;
; P ]

n From physical reasoning (recall d; o,
cRTd; = ;N7 u; + (0; —w; \Vp — w; f. — wif represents force per unit volume o
' iV Tphts (gbz Z) = P\ ]; Bk driving diffusion) or the Gibbs- Z di =0
v — Duhem equation,
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The Entropy Source Term - Summary

Ds From the previous slide:

k=1
To, = —-q-VInT-— ZJZ V1 pili + vap—fi —T:vv—igm
—1 M; —1
A
= —q-VIT-Y “d i V- Y juo
v i—1 P 3 i=1
1 A\ -~ _J A 7
2 4

..... O
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O, ~ Forces - Fluxes

TO'SZ—(]°VII1T—ZC di'ji_T:vv_Z,&iUz’
. Pi .
1=1 1=1
Fundamental Flux, Jo _ Force, Iy
principle of Og — E JaFa q —VInT
irreversible . cRT 7.
thermodynamics: - Ji pi d;
T —Vv
¢ Fluxes are functions of: Jo = JalFr, Fo, .o, By T, py wi)
* Thermodynamic state variables: | J, = Z (g}{f‘) Fg 4+ O (FFy)
T, p, wi. 3 &
* Forces of same tensorial order = Z LogF3 Log = 0Ja
(Curie’s postulate) 8 OFs
» What does this mean? Lap = Lpa

u » More soon...
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Lqg - Onsager (phenomenological) coefficients

Monday, February 27, 12



Species Diffusive Fluxes

Tensorial order of “1” = any
vector force may contribute.

Flux: J,

Force: F,,

Index form:

n-1 dimensional matrix form

From irreversible thermo:

n—1

Z I CRT
g

Fick’s Law

L;gVInT

= —pZDO d; — D/VInT
Generalized Maxwell-Stefan Equations:

— 2,7, Ji Jj
d =— J<___J>
o m (-

— W;
J#t

D;; - Fickian diffusivity (- L
Jj) =

— VlnTina:joz;S p(d) =

(J) = =p[£](d) + VInT(5,)

—p[D°](d) — (D")VInT

D] - Thermal Diffusivity

—[B"](j) = VInT [T](D")

Dr pr
Pi Pj >

’Illku
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Constitutive Law: Heat Flux

Tensorial order of “1” = any Flux: Jo
vector force may contribute. Force: Fy
4 ) F n )

cRT
; Pi
. J \_ J

/

Choose L,;=AT to
obtain “Fourier’s Law”

“Dufuor” effect - mass driving
force can cause heat flux!
Usually neglected.

q Ji T
—VIinT | — Cpsz- —Vv

. cRTDsz-x j .]z _] j here we have substituted
E hiJi + E E y the RHS of the GMS
J

equations for d..

_J/

n n n
D. . .

i=1 i=1 j#i Pitlis Pi

HH A\ -

Species Dufour

Note: the Dufour effect
is usually neglected.

The “Species” term is typically included here, even though it does not come from
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irreversible thermodynamics. Occasionally radiative terms are also included here...
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Observations on the GMS Equations

n

a:iJj — $jJ7; - T
d, = Z Dy, VlnTZ:z:ia:jozij

y

cRTd; = ¢;Vrppi + (@i —wi)Vp — wip (fi - Zwkfk)

k=1 )
¢ What have we gained? ¢ Onsager coefficients themselves
e Thermal diffusion (Soret/Dufuor) not too important from a
& its origins. “practical”’ point of view.
» Typically neglected. ¢ Still don’t know how to get the
* “Full” diffusion driving force binary diffusivities.

» Chemical potential gradient (rather than
mole fraction). More later.

» Pressure driving force.
» When will ¢;# wi? More later.
» Body force term.
U » Does gravity enter here?
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T&K §2.2

The Thermodynamic Factor, I

n
Li L pi
d; = =V — w;)Vp — f;, — f
i = o VTphi + ctRT(gbz w;)Vp o RT ( i l;wk k)
i = M?J(Tvpaajj) 1 5
n—1 Ly Z; 7%
Ot V1 plti Va;,
Vrpli = 8/{ Va; T ’ RT =1 0z T,p,% !
Oln ~;z y - Activity coefficient
i RT et \V4 Many models available
o x37
122 (T, p) = U 2R RT In Yiq = 83;']- Tp.S (see T&K Appendix D)
—1
Oln x; O ln ~;
Ly el it VSL'J,
=1 8:1:] (95[3]' T.P,%
n—1
Oln~;
Z 05 + T bl Vz;,
j=1 0T; |7 p,5
0ln Yi 1
= 0;; + X; n
’L] o] ¢ aajj T.p,> Z F,LJV,CC]
j=1
n—1 -
— _ _ . Note: for _
d Z Fz] VCUJ CtRT (¢ Wz)vp CtRT (f Z kak) deal gas, yy, CtRT

U =
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T&K §2.3.3

Example: The Ultracentrifuge

Used for separating mixtures based on components’ molecular weight.

Enriched UF,

Consider a closed system...
depleted in
dense species

For a closed centrifuge (no flow) with a known
U initial charge, what is the equilibrium species profile!?
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. . Opi
Species equations: a—’; = -V - -n;+s;

Ni = PiVyr + ji,r =0 * ji,r — Ji,r — 0

steady, | D, on; —0
no reaction 9.

GMS Equations: d; = Z

j=1

.CC?;J]' — ZCjJi
CBij

The generalized diffusion driving force:

Z Ws P Zn
k=1

dp  wip (o, N o2
Or — Q)
“il g, dr ¢ RT ( " kz::l k T)

-]
|
ﬁ
Q.

O,
%5
5?

';g —
~
©-

For an ideal gas mixture, ¢;=x;, and I';;= 0;.

dx; 1 ( ) dp We don’t know dp/dr or xio
dr c; RT

N dr (composition at r = 0).

’I‘Ill;u
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Species mole balance:

"L 'L * indicates the
/ C:Ij,,;Zﬂ"/“ dr = / C*ZIZ‘: VQmr dr initial condition
0 0

(pure stream).

I, 2
w I
For species i, / p x; T dr = p x L Must know p(r) an
0

K ) xi(r) to integrate this.

Species mole balance constrains the species profile solution

(dictates the species boundary condition)

Opv -
Momentum: % = V- (pvw) = VT = Vptp > wif;

1=1

at steady state @ = p Z Wi fri = pQQT The momentum equation

(no flow): dr 1 gives the pressure profile,

but is coupled to the species
@ 02— pM pM 5 We don’t know po equations through M.

dr RT (pressure at r = 0).

’Illl;u
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Total mole balance (at equilibrium):

/ cdV = / c*dV * indicates the initial condition (pure stream).
Vv Vv

"L re p
— L _ C = ——
/O crdr =c > dV = L2wrdr BT
TL 7,2
/ prdr =p* EL Substitute p(r) and solve this for po...
0

Total mole balance constrains the pressure solution

(dictates the pressure boundary condition)

Solve these  dx; M d M
equations:  dr ﬁ(w% z:) QT d_]; = pQr = ];%_TQ%« Note: M couples all of the
— - — — equations together and

With these /TL pa;rdr = ptet i /TL prdr = p* i makes them nonlinear.
constraints:  /, ’ L2 0 2 )

Option A: Option B:

|. Guess xio, po. Try to simplify the problem

2. Numerically solve the ODEs for x;, p. by making approximations. )

3. Are the constraints met!? If not,

return to step |. y

U

UNIVERSITY Note: for tips on solving ODEs numerically in Matlab, see my wiki page.
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http://www.che.utah.edu/~sutherland/wiki/index.php/ODEs
http://www.che.utah.edu/~sutherland/wiki/index.php/ODEs

Example: separation of Air into N2, O».

e Centrifuge diameter:20 cm  * Air initially at STP l

Approximation Level | Approximation Level 2

e Approximate M as constant, (Mox+Mn2)/2, for e Approximate M as constant

the pressure e.quation only. This. decoupl.es the (Moa2+Mn:)/2, for the species
pressure solution from the species and gives an

easy analytic solution for pressure profile.

and pressure equations.

e Obtain a fully analytic solution
for both species and pressure.

* Solve species equations numerically, given the
analytic pressure profile.

| ! ! ! 0.25r
lelr 1000 RPM S | % 1,000 RPM
\ S
: s | -
50,000 RPM S 045 oo
£ ' &
8 1e-2 il ©
o | I .
' = 0.1 e
100,000 RPM A B
: O ___________
1e—4F 150,000 RPM — fully numeric . 0.05 ——numeric
| ——constant M - - —approximate 1
' S B approximate 2
; ; ; | 0 1 | 1 1 ,
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
r(m) r (m)
U
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Fick’s Law (revisited)

_ —~ ity (Ji ] —~ 7
d, = —Z oD (wi — w:,> —VlnTZaizxjaz—j
71=1 71=1
n . B
= —Z i< VIHTZﬂ? 70 J=—¢[B]"'(d) - VInT(D")
1
= This is the same [B] matrix as
n—1
B 1 before (T&K eq.2.1.21-2.1.22)
d; = ; I'ijVa; + ctRT(qbi —w;)Vp — ctRT <f — Zwkfk>

lgnoring thermal diffusion,

(3) = —e[B] M [T)(Vz) - 2B ((6) — (@) — 2= (B ] (6) = [w](£ + £.)

9
w4

Notes: [D]=[B]1[I]
For ideal mixtures: [I']=[/]
In the binary case: Dii=I'11D1»

o How do we interpret each term!?
UNIVERS Ty When is each term important?

OFUTAH
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Review:
Where we are, where we're going...

¢ Accomplishments

e Defined “reference velocities” and
“diffusion fluxes”

e Governing equations for
multicomponent, reacting flow.
» mass-averaged velocity...

* Established a rigorous way to

compute the diffusive fluxes from
first principles.

» Can handle diffusion in systems of
arbitrary complexity, including:
» nonideal mixtures, EM fields, large pressure

& temperature gradients, multiple species,
chemical reaction, etc.

* Simplifications for ideal mixtures,
negligible pressure gradients, etc.

* Solutions for “simple” problems.

U
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¢ Still Missing:
* Models for binary diffusivities.
» Given a model, we are good to go!
¢ Roadmap:

* Models for binary diffusivities.
(T&K Chapter 4) - we won’t
cover this...

 Simplified models for
multicomponent diffusion

* Interphase mass transfer (surface
discontinuities)

e Turbulence - models for diffusion
in turbulent flow.

e Combined heat, mass, momentum
transfer.
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