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Abstract

A novel methodology based on principal component analysis (PCA) was developed for the identifica-
tion of the low-dimensional manifold of a chemical reacting system, the determination of its dimensionality
and the selection of optimal manifold variables. Results are presented for a simple CO/H2/N2 jet flame and
for a CH4 piloted flame (TNF Flame F). Results of the global PCA analysis (GPCA) on the whole data sets
show that, in all cases, the number of modes required to reproduce the di!erent state variables is a strong
function of the physical processes by which the variables themselves are a!ected. As a result, a greater
dimensionality is observed for the piloted flame, characterized by significant extinction. A local PCA
(LPCA) algorithm, VQPCA, was also employed to reduce the e!ect of non-linear dependencies among
state variables on the manifold dimension determination. By applying VQPCA, the data were divided into
separated clusters, by using an unsupervised partitioning algorithm based on reconstruction error minimi-
zation. Also, results from VQPCA were compared with those obtained with an approach based on mixture
fraction conditioning (FPCA). Both approaches are comparable for the CO/H2/N2 flame, while VQPCA
performances are superior to FPCA for the CH4 flame, due to its higher complexity.
! 2009 The Combustion Institute. Published by Elsevier Inc. All rights reserved.
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1. Introduction

A primary challenge in turbulent combustion
modeling lies in the broad range of scales which
are inherently coupled, in space and time, through
thermo-chemical and fluid dynamic interactions.
However, in some applications, it is possible to
achieve some degree of decoupling, relying on
the observation that many chemical timescales
are significantly smaller than the fluid dynamic

scales and that the thermodynamic state of a
reacting system relaxes onto a low dimensional,
strongly attracting, manifold in chemical state
space [1,2]. The thermo-chemical state of a sin-
gle-phase reacting fluid having Ns species is
uniquely characterized by a point in Ns + 1
dimensional space (T, p, and Ns ! 1 species mass
fractions). Yet, if a set of ‘‘optimal” variables is
identified, the whole thermo-chemical state can
be re-parameterized with a lower number,
q " Ns + 1, of variables, which nevertheless must
provide a satisfactory approximation of the sys-
tem in a lower dimensional space [1].

In the present paper, a novel methodology
based on principal component analysis (PCA)
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[3,4] is proposed with three main purposes: (i) to
investigate the existence of low-dimensional man-
ifolds in turbulent flames, (ii) to find the most
compact representation for them and (iii) to guide
the selection of ‘‘optimal” reaction variables able
to accurately reproduce the state space of a react-
ing system. PCA has been previously applied to
combustion. Frouzakis et al. [5] applied PCA for
data reduction of two-dimensional DNS data of
opposed jet flames. The analysis was aimed at
identifying the number of components required
to accurately approximate the original data. To
this purpose, the correlations among velocities,
pressure and species concentrations at di!erent
times were taken into account, thus leading to
eigenvectors which are linear combination of the
temporal snapshots considered. Similarly, Danby
and Echekki [6] implemented PCA for the analysis
of an unsteady two-dimensional direct numerical
simulation of auto ignition in inhomogeneous
hydrogen air mixtures, with the main purpose of
determining the requirements to reproduce passive
and reactive scalars during the process of auto igni-
tion. The approach presented here is quite di!erent
from the ones described above. The main purpose
of the developed PCA methodology is to find cor-
relations among the state variables (temperature
and species concentration) to allow an optimal
approximation of the system in a low-dimensional
space. Such an approach leads to the determina-
tion of eigenvectors which are linear combinations
of the original variables in a way that allows reduc-
ing the dimension of the system. A similar method
was proposed by Maas and Thévenin [7] for the
analysis of DNS data. However, they only consid-
ered a very small sampling in state space. The cur-
rent study provides significantly more depth in its
analysis, and applies PCA to experimental datasets
of laboratory-scale flames.

To demonstrate the methodology, two experi-
mental data sets, provided under the framework
of the TNF workshop [8], are considered. The first
flame is a CO/H2/N2 turbulent jet flame [9],
selected as base case for the PCA approach due
to its simplicity. In fact, the flame does not expe-
rience any lifto! or localized extinction and
retains the simple flow geometry of the hydrogen
jet flames [8], while adding a modest level of chem-
ical kinetic complexity. The second flame is Flame
F, part of a series of four CH4 piloted jet flames
investigated by Barlow and Frank [10]. It was
selected to judge PCA capabilities in flames close
to global extinction.

The experimental data to be analyzed with
PCA are organized in a (n x p) matrix, X. Each
column of X represents a state variable while each
row denotes an instantaneous spatial snapshot of
the reacting species’ concentrations and tempera-
ture. For the CO/H2/N2 flame, X consists of
66,275 observations of nine state variables (T,
N2, O2, H2O, H2, CO, CO2, OH, and NO) while,

for Flame F, 62,766 measurements of 10 state
variables (T, N2, O2, H2O, H2, CH4, CO, CO2,
OH, and NO) are available.

Three di!erent PCA approaches are proposed.
A global PCA analysis is compared to two local
PCA (LPCA) models, vector quantization PCA
(VQPCA) and mixture fraction PCA (FPCA).
Both VQPCA and FPCA partition the data into
separated clusters and then perform PCA locally.
However, VQPCA partitioning is based on a
reconstruction error minimization algorithm,
while FPCA is based on a supervised conditioning
into bins of mixture fraction. The performances of
the three models are compared and discussed.

2. Principal component analysis

The central idea of principal component anal-
ysis is to reduce the dimensionality of a data set
consisting of a large number of interrelated vari-
ables, while retaining as much as possible of the
variation present in the data set. The reduction
is achieved by transforming to a new set of vari-
ables, called the principal components (PCs),
which are uncorrelated and ordered so that the
first few account for most of the variation present
in all the original variables. The actual computa-
tion of the PCs reduces to an eigenvalue–eigenvec-
tor problem applied to the covariance matrix of
the data set.

Consider a random sample, X, of n observa-
tions of p variables, X = (x1,x2, . . .,xp), so that
Xi = (xi1,xi2, . . .,xip) represents the ith observation
from the data set. Here we assume, for simplicity,
that the variables have zero mean, otherwise the
mean of each variable is subtracted from the col-
umns of X before PCA is applied. Then, the sam-
ple covariance matrix, S, of X can be defined as
S = 1/(n ! 1) X0X. Recalling the eigenvector
decomposition of a symmetric, non-singular
matrix, S can be decomposed as S = ALA0, where
A is the (p x p) matrix whose columns are the
eigenvectors of S, and L is a (p x p) diagonal
matrix containing the eigenvalues of S in descend-
ing order, l1 > l2 > . . . > lp.

The PCs, Z, are defined by the linear transfor-
mation Z = XA which recast the original variables
into a set of new uncorrelated variables, whose
coordinate axes are described by A. Then, the ori-
ginal variables can be stated as a function of the
PCs as X = ZA0, being A orthonormal and, hence,
A!1 = A0. This means that, given Z, the values of
the original variables can be uniquely recovered.
However, the main objective of PCA is to replace
the p elements of X with a much smaller number,
q, of PCs, which nevertheless discard a small frac-
tion of the variance originally contained in the
data. If a subset of size q" p is used, the trun-
cated PCs are defined as Zq = XqAq, This equa-
tion can be inverted to obtain:
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Xq # ZqA
0
q $1%

where Aq is the matrix obtained by retaining only
the first q columns of A.

The linear transformation provided by Eq. (1)
is particularly appealing for size reduction in mul-
tivariate data analysis due to some optimal prop-
erties. First, the new coordinate axes (the
eigenvectors of S) are orthogonal and, when
ordered by the descending values of their corre-
sponding eigenvalues, provide independent and
decreasing contributions to the amount of original
variance explained by the PCs. Thus, if only the
subset Aq of A is retained, Xq represents the best
q-dimensional approximation of X in terms of
squared prediction error.

It is crucial to determine how small q can be
taken without serious information loss. The most
used criterion for choosing q is to select a cumula-
tive fraction of the total variance that the PCs
have to account for, i.e. 0.8 or 0.9. The required
number of PCs, q, is then the smallest value of q
for which this chosen percentage is exceeded. It
can be easily shown that the variance of X,Pp

j#1s
2
j , is given by

Pp
k#1lk , where sj is the stan-

dard deviation of xj. Then, the desired fraction
of the total variance, tq, can be defined as
tq #

Pq
k#1lk=

Pp
k#1lk . It is also possible to define

a measure of the individual variance, the variance
accounted for each variable by the retained eigen-
vectors, as tq;j #

Pq
i#1 aji

!!!
li

p
=sj

" #2
where aji is the

weight of the jth variable on the ith eigenvector.

2.1. Data preprocessing strategies: centering and
scaling

Data preprocessing strategies like centering
and scaling may have a strong impact on PCA.
Centering converts all the observations to fluctua-
tions, thus leaving only the relevant variation for
analysis. In the following, it is implicitly assumed
that the data have been centered before the anal-
ysis. Scaling is essential when the elements of X
are in di!erent units or when they have very di!er-
ent variances, i.e. temperature and species’ con-
centrations (main species and radicals).

It is possible to define a scaled variable
~xj # xj=dj where dj is the scaling parameter
adopted for variable xj. Several choices of dj are
available. The most common, denoted as ‘‘auto
scaling”, adopts the standard deviation of xj as
the scaling factor. After auto scaling, all the ele-
ments of X have a standard deviation equal to
one and, therefore, the data are analyzed on the
basis of correlations instead of covariances, thus
giving all the variables similar relevance. How-
ever, other scaling options are available. Gower
and Hand [11] note the possibility of dividing
the variables by their ranges or means. In the pres-
ent study, on the basis of scoping simulations, it

was chosen to adopt the auto scaling criterion
being the one providing the best results.

3. Local principal component analysis

The PCA transformation described in Section
2 can su!er from its reliance on second-order sta-
tistics. In fact, the PCs are uncorrelated, i.e. their
second-order product moment is zero, but they
can still be highly statistically dependent. This is
particularly important when the relationships
among the correlated variables are non-linear, as
it usually happens for a reacting system. In this
case, PCA fails to find the most compact descrip-
tion of the data and it usually requires a larger
number of components to model the low-dimen-
sional hyper plane embedded in the original space
with respect to a non-linear technique.

This simple realization has prompted the
development of non-linear alternatives to PCA,
especially in the context of neural networks. Nev-
ertheless, here we are more interested in a di!erent
approach, introduced by Kambhatla and Leen
[12] in the field of images processing and known
as local principal component analysis (LPCA).
LPCA employs a local linear approach to reduce
the statistical dependency between the variables
of a sample and to achieve the desired optimal
dimension reduction. According to LPCA, a vec-
tor quantization (VQ) algorithm first partitions
the data space into disjoint regions and then
PCA is performed in each cluster, relying on the
observation that, if the local regions are small
enough, the data manifold will not curve much
over the extent of the region and a linear model
will be a good fit.

For the LPCA to be e!ective, the VQ algo-
rithm should not be independent of the PCA anal-
ysis. For this reason, Kambhatla and Leen [12]
introduce a VQ algorithm based on a reconstruc-
tion error metric. Given an observation from the
sample X, Xi, a global reconstruction error for
each observation can be defined as:

eGRE Xi ;X
$k%" #

# Xi ! Xi;q

$$ $$

# Xi ! X $k% & Zi;qA
0$k%
q

% &$$$
$$$ $2%

where X $k% is the kth cluster centroid, Xi,q is the
rank q approximation of Xi, Zi,q is the ith value
of the truncated set of PCs, Zq, and A$k%

q is the ma-
trix obtained by retaining only the first q eigenvec-
tors of the covariance matrix, S(k), associated with
the kth cluster. In the context of reacting systems,
Eq. (2) needs to be modified to take into account
the di!erences in size and units of the state vari-
ables. In fact, a clustering based on eGRE would
lead to an optimization with respect to tempera-
ture only. Therefore, the original LPCA algorithm
from Kambhatla and Leen [12] was modified to
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include data preprocessing (Section 2.1) in the
quantization scheme. A very stable algorithm
was obtained by using a global scaled reconstruc-
tion error metric, eGSRE, defined as:

eGSRE
eXi ;X

$k%;D
% &

# eX i ! eXi;q

$$$
$$$: $3%

where eXi is the ith observation of the sample
scaled by D, the diagonal matrix whose jth
diagonal element is the scaling factor dj associated
to xj.

The proposed LPCA algorithm, briefly
referred as VQPCA, can be summarized as
follows:

1. Initialization: the cluster centroids, X $k%, are
randomly chosen from the data set and S(k) is
initialized to the identity matrix for each
cluster.

2. Partition: each observation from the sample is
assigned to a cluster using the metric eGSRE.

3. Update: the clusters’ centroids are updated on
the basis of partitioning.

4. Local PCA: PCA is performed in each disjoint
region of the sample.

5. Steps 2-4 are iterated until convergence is
reached.

The reconstruction quality given by VQPCA is
measured with respect to the mean variance in
the data as eGSRE;n # E$eGSRE%=E var exj

" #' (
, where

E denotes the expectation operator and ~xj is the
scaled jth variable from eX .

The performances of VQPCA were compared
with another LPCA algorithm, based on a super-
vised partitioning of the data into separated clus-
ters. The sample is divided into bins of mixture
fraction and a PCA analysis is performed in each
cluster. The advantage of this approach, here
denoted with FPCA, is twofold. First, the a priori
knowledge of the partitioning variable simplifies
the LPCA model implementation. Furthermore,
the use of mixture fraction is particularly appeal-
ing due to its widespread use in the combustion
field. In the following, the local PCA algorithms,
VQPCA and FPCA, will be compared to the
PCA analysis carried out on the whole data sets,
i.e. taking k = 1, and denoted as GPCA.

4. Results and discussion

The results of the analysis performed on the
CO/H2/N2 and CH4 flames are presented here.
There are two main objectives for the discussion.
The first is to compare the performances of GPCA
and VQPCA algorithms, in terms of the error
metric, eGSRE,n, defined in Section 3. Then,
VQPCA is compared to FPCA to assess the feasi-
bility of mixture fraction partitioning to optimize
the PCA reduction.

4.1. Comparison of GPCA and VQPCA

In this section, the performances of GPCA and
VQPCA are compared. The first two columns in
Table 1 show the values of the total (tq) and indi-
vidual (tq,j) variance accounted for the CO/H2/N2

flame with the GPCA reduction by keeping only
the first two or three PCs. It is clear that the first
two eigenvalues alone account for more than 92%
of the total variance in the data. Moreover, Table
1 shows that, by choosing q = 2, it is possible to
capture more than 90% of the individual variances
of all the main species and temperature while the
minor species (OH and NO), require an additional
component, q = 3, to reach levels of approxima-
tion comparable to the other state variables. Thus,
a strong size reduction, from 9 to 2 or 3, seems to
be achievable with GPCA.

However, some questions arise from the anal-
ysis of the parity plots of Fig. 1a–c, which illus-
trate the GPCA reconstruction of temperature,
OH and NO, respectively, by choosing q = 2.
Significant deviations are observed for minor
species like OH (Fig. 1b) and NO (Fig. 1c). In
addition, even variables like temperature
(Fig. 1a), which are well characterized in terms
of tq,j, show non-linear deviations in the recon-
structed data. If the number of PCs retained is
increased to three, some improvements are
observed for OH and NO (Table 1) while the
other species and temperature are relatively unaf-
fected, as indicated by the corresponding values
of tq,j (Table 1). Moreover, the same deviations
observed with q = 2 remain. This result can be
explained by ascribing the non-linearities in the
GPCA reconstruction to non-linear dependencies
among the original variables, thus confirming the
need of local algorithms able to cluster the data
into locally linear regions.

Table 1
Total, tq, and individual variance, tq,j, accounted for the
CO/H2/N2 and CH4 flames by the GPCA reduction, as a
function of the number of retained PCs, q

tq,j (%)

CO/H2/N2 CH4

q = 2 q = 3 q = 3 q = 4

T 97.1 97.2 96.7 97.1
Y O2 98.7 98.7 97.8 97.9
YN2 98.6 98.6 97.9 98.0
YH2 96.8 96.9 96.9 97.0
YH2O 93.1 93.6 98.3 98.4
Y CH4 – – 98.4 98.4
YCO 99.4 99.4 96.1 96.9
Y CO2 97.3 97.7 96.9 97.4
YOH 73.8 94.0 71.1 97.8
YNO 77.2 93.0 79.2 89.2
tq (%) 92.4 96.6 92.9 96.8
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Table 2 lists the values of eGSRE,n given by
GPCA, VQPCA and FPCA for the CO/H2/N2

and CH4 flames, as a function of the number of
clusters, k, and retained PCs, q.

It is interesting to observe (Table 2) that, when
the reconstruction error is evaluated on a scaled
basis, all the state variables become relevant and
the quality of the reconstruction can be properly
evaluated. We should recall here that eGSRE,n is
a global scaled reconstruction error, normalized
by the mean variance present in the original data.
So, for example, the value of eGSRE,n associated
with the GPCA reduction of the CO/H2/N2 flame

with q = 2 is fairly large, eGSRE,n = 0.68, thus
reflecting the large deviations observed in Fig. 1
for some state variables. Even when q is increased
to three, a significant error, eGSRE,n = 0.31, is
obtained, confirming the persistence of mainly
non-linear departures from the original data.

However, when VQPCA is employed, much
higher performances in terms of eGSRE,n are
obtained when increasing k, even for smaller val-
ues of q, i.e. q = 2. The parity plots in Fig. 1a’–
c’ shows the VQPCA reconstruction of tempera-
ture, OH and NO, respectively, with k = 8 and
q = 2. A much better agreement between original

Fig. 1. Parity plots of temperature (a, a’), OH (b, b’) and NO (c, c’) mass fractions illustrating the GPCA (q = 2) and
VQPCA (q = 2 and k = 8) reductions of the CO/H2/N2 flame, respectively.

Table 2
Values of eGSRE,n, associated with the GPCA, VQPCA and FPCA reconstructions of the CO/H2/N2 and CH4 flames, as
a function of the number of clusters, k, and retained PCs, q

k CO/H2/N2 CH4

q = 2 q = 3 q = 4 q = 5 q = 3 q = 4 q = 5 q = 6

GPCA 1 0.6805 0.3085 0.0975 0.0459 0.7068 0.3196 0.1243 0.0662

VQPCA 2 0.2079 0.1062 0.0492 0.0254 0.2046 0.1189 0.0574 0.0228
4 0.1122 0.0556 0.0246 0.0091 0.1313 0.0756 0.0311 0.0115
6 0.0907 0.0464 0.0217 0.0083 0.0949 0.0524 0.0257 0.0091
8 0.0790 0.0338 0.0160 0.0059 0.0898 0.0398 0.0190 0.0069

FPCA 2 0.2138 0.0841 0.0467 0.0199 0.2632 0.1466 0.0670 0.0335
4 0.1205 0.0659 0.0324 0.0121 0.1583 0.0865 0.0409 0.0179
6 0.1032 0.0512 0.0270 0.0096 0.1335 0.0673 0.0347 0.0146
8 0.0921 0.0448 0.0244 0.0077 0.1217 0.0631 0.0323 0.0133
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and reconstructed data are observed, as it is con-
firmed by the value of 0.08 obtained for eGSRE,n. A
similar value of eGSRE,n would require q = 5 if
GPCA is applied (Table 2). Moreover, Fig. 1a’–
c’ shows how, after partitioning, the relationships
between the original and reconstructed data are
mostly linear.

The third and fourth columns in Table 1 list
the values of tq and tq,j accounted for the CH4

flame with the GPCA reduction by keeping the
first three or four eigenvalues. It can be observed
that the first three eigenvalues explain 93% of the
variance in the original variables. Also, the higher
requirements of minor species, such as OH and
NO, in terms of number of PCs is confirmed by
the corresponding values of tq,j. Moreover, simi-
larly to the CO/H2/N2 flame, strong non-linear
deviations in the reconstructed data are observed
for the case q = 3 (Fig. 2a–c). The reconstruction
error, eGSRE,n, associated with the GPCA reduc-
tion equals 0.71, thus confirming the inability of
GPCA to determine the most compact description
of the data in a low-dimensional space. Figure
2a’–c’ illustrates the VQPCA reconstruction of
temperature, OH and NO, respectively, with
k = 8 and q = 3. The value of eGSRE,n obtained
is 0.09, almost eight times smaller than the values
given by GPCA with q = 3. Again, GPCA would
require 6 PCs to achieve a value of eGSRE,n as
small as 0.09 (Table 2).

4.2. Comparison of VQPCA and FPCA

Rows 6–9 in Table 2 list the values of eGSRE,n

given by FPCA for the CO/H2/N2 and CH4

flames, as a function of the number of clusters,
k, and retained PCs, q. For k = 1, the value of
eGSRE,n associated with the GPCA reconstruction
is obtained. These values can be weighed against
those obtained with the VQPCA algorithm (rows
2–5 in Table 2) for the same values of q and k. The
comparison is illustrated graphically in Fig. 3.

For the CO/H2/N2 flame, VQPCA generally
performs better than FPCA. In most cases, the
values of eGSRE,n given by VQPCA are 3–25%
lower than those provided by FPCA with the
exception of the cases corresponding to k = 2
and q = 3. However, the performances of FPCA
are quite promising, especially from the point of
view of model implementation. In fact, FPCA
partitioning is much simpler and straightforward
than the one underlying VQPCA. Moreover, it
should be underlined here how the CPU time
associated with VQPCA increases with k, reaching
values of the order of minutes when k = 8 on an
Intel Core 2 Duo 2.2 GHz with 2GB RAM. On
the same machine, the GPCA and FPCA recon-
struction of the same data requires CPU times
of the order of seconds. This result suggests that,
for the CO/H2/N2 flame, the mixture fraction can
be considered an ‘‘optimal” variable for the

Fig. 2. Parity plots of temperature (a, a’), OH (b, c’) and NO (c, c’) mass fractions illustrating the GPCA (q = 3) and
VQPCA (q = 3 and k = 8) reductions of the CH4 flame, respectively.
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parameterization of the thermo-chemical state of
the system, as it is generally assumed in many
models for non-premixed combustion. The infor-
mation added here is that mixture fraction is an
‘‘optimal” variable from the point of view of
reconstruction error minimization.

As far as the CH4 flame is concerned, Table 2
and Fig. 3 point out that VQPCA outperforms
FPCA in all cases, providing values of eGSRE,n

13–40% lower than those given by FPCA. These
results confirm the notorious complexity of this
flame, characterized by significant local extinction
and re-ignition. In the context of the Conditional
Moment Closure method [13], for example, it has
been recognized [14] that conditioning on mixture
fraction is not su"cient for Flame F and a second
conditioning variable should be used. Then, it can
be concluded that, for Flame F, mixture fraction
does not represent an ‘‘optimal” reaction variable.
Therefore, VQPCA could provide an appealing
tool to guide the selection of the most compact
subset of reaction variables needed to properly
describe the thermo-chemical state of a reacting
system.

5. Concluding remarks

In the present paper, a novel methodology
based on principal component analysis (PCA) is
proposed for the identification of low-dimensional
manifolds in turbulent flames, the estimation of
their dimensionality and the selection of optimal
reaction variables. To this purpose, two high fidel-
ity experimental data sets, corresponding to a CO/
H2/N2 turbulent jet flame and a piloted CH4 flame
were investigated.

Three di!erent PCA approaches are proposed.
A global PCA analysis, GPCA, is compared to

two local PCA models, VQPCA and FPCA, based
on the partitioning of the experimental data into
separate clusters where PCA is performed locally.
However, the partitioning algorithm used by
VQPCA is unsupervised and based on reconstruc-
tion error minimization while FPCA conditions
the data a priori on the mixture fraction.

Results show that the local PCA approaches
(VQPCA and FPCA) outperform the global
approach in all cases. Indeed, GPCA is unable
to provide a compact representation of the data
in a low-dimensional space due to the highly
non-linear relationships existing among the state
variables.

Regarding the local approaches, the perfor-
mances of VQPCA and FPCA are comparable
for the CO/H2/N2 flame, while for Flame F, mix-
ture fraction proves unable to capture some
important features of the system, resulting in
higher reconstruction error with respect to
VQPCA.

The reduced representation given by PCA has
great potential, especially in its local formulations,
i.e. VQPCA and FPCA. In fact, the selection of
‘‘optimal” variables for turbulent reacting systems
could be exploited for the development of turbu-
lence–chemistry interactions models. In this con-
text, the linearity of the PCA method is
extremely appealing. In fact, if a set of reaction
variables is selected, only few linear combinations
of the original variables need to be transported in
a numerical simulation. Nevertheless, since the
reaction variables provided by PCA are not con-
served scalars, the ability of the PCs to parameter-
ize their source should be investigated a priori, to
assess the feasibility of the generated manifold
method. To this end, the availability of the source
terms for the state variables becomes crucial, thus
forcing to move from experimental to numerical,
i.e. DNS, data analysis.

Fig. 3. Comparison of the values of eGSRE,n obtained with VQPCA and FPCA for the CO/H2/N2 (a) and CH4 (b) flames
as a function of the number of clusters, k, and retained PCs, q.

A. Parente et al. / Proceedings of the Combustion Institute 32 (2009) 1579–1586 1585



References

[1] U. Maas, S.B. Pope, Proc. Combust. Inst. 24 (1992)
103–112.

[2] J.C. Sutherland, P.J. Smith, J.H. Chen, Combust.
Theor. Model. 11 (2007) 287–303.

[3] I.T. Jolli!e, Principal Component Analysis, Springer,
New York, NY, 1986.

[4] J.E. Jackson, A User’s Guide to Principal Compo-
nents, Wiley, New York, NY, 1991.

[5] C.E. Frouzakis, Y.G. Kevrekidis, J. Lee, K. Bou-
louchos, A.A. Alonso, Proc. Combust. Inst. 28
(2000) 75–81.

[6] S.J. Danby, T. Echekki, Combust. Flame 144 (2006)
126–138.
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